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Exemplo 3.3
X ∼ Γ(α, β)

θ = (α, β) e Ω = (0,∞)× (0,∞)

f (x , θ) =
βα

Γ(α)
xα−1eβx

onde

Γ(α) =

∫ ∞
0

sα−1e−βxds e E (X ) =
α

β
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MATH350 - Exemplo 3.3



L(θ) =
n∏

i=1

{
βα

Γ(α)
xα−1eβx

}

=

(
βα

Γ(α)

)n

e−β
P

x
n∏

i=1

xα−1

l(θ) = nαlog(β)− nlog [Γ(α)]− β
n∑

i=1

xi + (α− 1)
n∑

i=1

log(xi )
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considerando

n = 25, α = 4 e β = 5

temos

E (X ) =
α

β
=

4

5

Essa esperança pode ser demonstrada pela definição.

E (X )

∫ D

x .f (x)dx
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Exemplo 3.3 (cont) Fazendo a derivada segunda

δl(θ)

δα
= nlog(β) +

n∑
i=1

log(xi )− n
Γ′(α)

Γ(α)

δl(θ)

δβ
=

nα

β
−

n∑
i=1

xi

nα̂

β̂
−

n∑
i=1

xi = 0→ β̂ =
α̂

X̄

substituindo em δl(θ)
δβ

nlog(α̂)− nlog(X̄ ) +
n∑

i=1

log(xi )− n
Γ′(α)

Γ(α)

que requer solução numérica
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segunda derivadas

δ2l(θ̂)

δα2
= −n

Γ′′( ˆalpha)

Γ( ˆalpha)
−

(
Γ′( ˆalpha)

Γ( ˆalpha)

)2


δ2l(θ)

δβ
= −nα̂

β2

δ2l(θ̂)

δαδβ
=

n

β̂
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Exemplo 3.3 (cont)
i.e. Xi ∼ Γ(α, β).

U(θ) =

{
n log β +

n∑
i=1

log Xi − n
Γ′(α)

Γ(α)
,
nα

β
−

n∑
i=1

xi

}T

e

IO(θ) = IE (θ) =

(
n[Γ′′(α)/Γ(α)− (Γ(α)/Γ(α))2] −n/β

−n/β nα/β

)

Gledson Luiz Picharski Universidade Federal do Paraná
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i.e. series expandida multi-variavel de Taylor

l(θ) = l(θ̂) + (θ − θ̂)TU(θ̂)− 1

2
(θ − θ̂)T IO(θ∗)(θ − θ̂)

para
‖θ∗ − θ‖ ≤ ‖θ̂ − θ‖ (4.1)

U(θ) = U(θ̂)− (θ − θ̂)T IO(θ+)

para
‖θ+ − θ| ≤ |θ̂ − θ‖ (4.2)

Para Deviance aplicando equaçao (4.1)

D(θ) = 2

[
l(θ̂)− {l(θ̂) + (θ − θ̂)TU(θ̂) +

1

2
(θ − θ̂)T IO(θ∗)(θ − θ̂)}

]
= −(θ − θ̂)T IO(θ∗)(θ − θ̂)

≈ −(θ − θ̂)T IO(θ̂)(θ − θ̂)
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