This article was downloaded by: [University of Chicago]

On: 24 September 2008

Access details: Access Details: [subscription number 791985096]

Publisher Routledge

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House,
37-41 Mortimer Street, London W1T 3JH, UK

Journal of Applied Statistics
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713428038

Journal of
App]jed eiiz18lc10lele| Bayesian modelling of spatial compositional data
§ Hakon Tjelmeland ?; Kjetill Vassmo Lund @
Ll a Department of Mathematical Sciences, Norwegian University of Science and Technology, Trondheim,
Norway.
Online Publication Date: 01 January 2003
b

To cite this Article Tjelmeland, Hakon and Lund, Kjetill Vassmo(2003)'Bayesian modelling of spatial compositional data',Journal of
Applied Statistics,30:1,87 — 100

To link to this Article: DOI: 10.1080/0266476022000018547
URL: http://dx.doi.org/10.1080/0266476022000018547

PLEASE SCROLL DOWN FOR ARTICLE

Full terns and conditions of use: http://wwinformworld.conlterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713428038
http://dx.doi.org/10.1080/0266476022000018547
http://www.informaworld.com/terms-and-conditions-of-access.pdf

15: 40 24 Septenber 2008

[University of Chicago] At:

Downl oaded By:

Journal of Applied Statistics, Vol. 30, No. 1, 2003, 87-100 é Routledge

Taylor &Francis Group

Bayesian modelling of spatial compositional
data

HAKON TJELMELAND & KJETILL VASSMO LUND, Department of
Mathematical Sciences, Norwegian University of Science and Technology, Trondheim,
Norway

ABSTRACT Compositional data are vectors of proportions, specifying fractions of a whole.
Aitchison (1986) defines logistic normal distributions for compositional data by applying
a logistic transformation and assuming the transformed data to be multi-normal distri-
buted. In this paper we generalize this idea to spatially varying logistic data and thereby
define logistic Gaussian fields. We consider the model in a Bayesian framework and
discuss appropriate prior distributions. We consider both complete observations and
observations of subcompositions or individual proportions, and discuss the resulting
posterior distributions. In general, the posterior cannot be analytically handled, but the
Gaussian base of the model allows us to define efficient Markov chain Monte Carlo
algorithms. We use the model to analyse a data set of sediments in an Arctic lake. These
data have previously been considered, but then without taking the sparial aspect into
account.

1 Introduction

Compositional data are vectors of proportions, specifying D fractions of a whole.
Thus, for x = (x;,...,%p)T to be a compositional vector one must have x; > 0 for
i=1,...,Dand x; + ...+ xp = 1. In Aitchison & Shen (1980) and Aitchison (1982,
1986) the logistic normal distribution is introduced as a flexible parametric model
for analysis of compositional data. The model is defined from a multi-normal
distribution via a logistic transformation. Many of the nice properties of the multi-
normal class are inherited by the logistic normal family and this allows extensive
analytical treatment for logistic normal distributions.

Spatial models for proportions are also of interest in many situations. Let
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x () = (¢, (), . . ., xp (1)) be a stochastic vector field, where u € #* denotes location.
For this to be a spatial compositional field the above conditions must apply for
each position u, i.e. x;(u) >0 forallue #*andi=1,...,Dand x;(w) + ..., xp(u) =1
for all locations ue %*. For example, with D=4 and k=3, x,(«),...,x,(u) may
represent volume proportions of oil, gas, water and rock as a function of location
in a petroleum reservoir. Alternatively, as in our example in Section 6 where
sediments in a lake are of interest, x,(u),...,xp(#) may represent proportions of
sand, silt and clay and ue %* is geographical location.

Some spatial generalizations of the logistic normal family are discussed in the
literature. In Pawlowsky & Burger (1992), spatial interpolation of compositional
data is considered via logistic transformation in each location to obtain data in
AP, followed by a co-kriging procedure. Thus, a model of correlated Gaussian
fields is adopted after the transformation. In Billheimer ez al. (1997a,b) discrete
spatially correlated compositional data are modelled via underlying (unobserved)
Gaussian Markov random fields. However, this formulation allows very little
analytical computations and for inference Billheimer ez al. (1997a,b) resort to
Markov chain Monte Carlo (MCMC) procedures, updating only one or a small
number of variables at a time.

In the present paper, we revisit the formulation of Pawlowsky & Burger (1992),
but we consider it in a broader setting. First, we discuss the problem of parameter
estimation by including the model in a hierarchical Bayesian framework. Second,
Pawlowsky & Burger (1992) limit the attention to complete observations, i.e. all
proportions are observed in a number of locations, whereas in this paper we also
consider observation of subcompositions and individual proportions. A subcompos-
ition is the relative proportions of only some of the components. For example, for
the oil, gas, water and rock situation mentioned above, one may easily observe the
relative volumes of oil, water and gas, whereas to get the volume proportion of
rock is a more expensive task. As discussed in Aitchson (1986), subcompositional
data fit very nicely into the logistic normal family and allow extensive analytical
treatment. Observation of individual proportions is more problematic and MCMC
is necessary to handle this case. However, the Gaussian base can be used to define
efficient algorithms, simultaneously updating large blocks of variables.

The paper is organized as follows. In the next section we introduce the basic
notation and discuss appropriate sample spaces. In Section 3, logistic Gaussian
fields are defined as a generalization of the logistic normal model of Aitchison
(1986) and, in Section 4, we discuss properties of the corresponding conditional
fields given complete or partial observations. In Section 5, a fully Bayesian model
for spatial compositional data is defined by introducing appropriate hyper-priors.
Moreover, efficient simulation algorithms for the resulting posterior is discussed.
In Section 6, we revisit a data set of sediments in an Arctic lake (Coakley & Rust,
1968). The data set has been previously analysed (Aitchison, 1986; Iyengar & Dey,
1996), but the spatial aspect of the problem was then ignored. Finally, Section 7
provides conclusions.

2 Preliminaries

In this section, we introduce some basic notation and discuss the logistic trans-
formation. Most of the treatment is based on the presentation in Aitchison (1986)
and a more thorough discussion can be found there.
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Let x(u) = (x,(4)s . . . sxp(u))"; ue #* be a compositional field, i.e. x,(u) gives the
proportion of substance 7 in location u. Thus, the sample space of x(u) is

D
LP = {x(u) = (x; ()5 ... s xp ()T | x:(u) >0,i=1,...,D and Z x,(u) = 1} c #°

ey

The unit sum constraint implies that any d = D — 1 dimensional sub-vector uniquely
specifies the last component and the probability density for x(u) is thereby
degenerate. We therefore focus on a vector, z(#) say, containing only the d first
components of x(#). The one-to-one relation between x () and z(u) becomes

z2(u) =A;x(wm) < xw) =B;z(u) +cy 2)

where A,e #°*P consists of a d x d identity matrix with an extra column of
zeros, B,e #°*? is a d x d identity matrix with an extra row of —1s added, and
cs=(0,0,...,0,1)Te#P. The sample space of z(u) becomes

S= {z(u) =(z;()s ..., 2,)T | 2:(u) >0,i=1,...,d and i zi(u) < 1}

3)

The logistic transformation defines a one-to-one relation between % and %
With y(w) = (y,(), . ..,v,(w)T, the logistic transformation is in vector format
given as

_ ey(u) - _ = (u)
z(u) = T4 le® y(u) = 1n|::| (€)

A 1 —jiz(w)

where j,€ #¢ is a column vector with all elements equal to one and the exponential
and logarithm functions should be interpreted as acting component-wise. Through-
out this paper, we consistently use x(u), y(u#) and z(u) to denote stochastic fields
on ¥?, #? and ¥, respectively, and let their relation be given by equations (2)
and (4). Thus, whenever the distribution of one of the fields is specified, the
distributions of the other two are also given.

Subcompositions and individual proportions can be obtained from x(u) via
selection matrices. A matrix SeZ°* 2, where C < D, is called a selection matrix if
it has C unity elements, of which exactly one is in each row and at most one in
each column, and all other elements are equal to zero. For a given selection matrix,
S, the corresponding vector of individual proportions at location u is Sx(u). A
rescaling to obtain unit sum gives the corresponding subcomposition, xg(u), i.e.

Sx (u)

JESx () 2

xs(u) =
Note that xg(u) e £ so xs(u) is a C-dimensional compositional field. Thus,
corresponding quantities zg(u) € ¥ and ys(u) € Z° where ¢ = C — 1 can be defined
by equations (2) and (4) by replacing x(u), y(u) and z(u) by xs(u), ys(u) and zg(u),
respectively. Then, quite remarkably, a linear relation between y(u) and yg(u)
results,

ys(W) =Qsy(m) where Qs=B/SB,H;'e#* H,=1,+% (6)
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where I, is the d x d identity matrix and ¥, is a d x d matrix with all elements equal
to one. It should be noted that the definition of y¢(u) from y(u) goes via a series
of transformations, several of which are non-linear, so this simple linear relation is
not at all obvious. The result is by no means new—it is discussed in Aitchison
(1986) and forms there the main motivation for the definition of logistic normal
distributions. Likewise, this property is essential for the tractability of logistic
Gaussian fields discussed in this paper. Since equation (6) is so fundamental for
the following sections, and as Aitchison (1986) contains no clearly written proof
of the result, we include one in the Appendix.

A particular subclass of selection matrices is permutation matrices, for which
C = D. The denominator in equation (5) is then unity and the elements of xg(u)
are just a permuted version of the elements in x(x#). We denote a permutation
matrix by P and the permuted variant of x(«) by xp(#) = Px(u). One should note
that yp(u) # Py(u) unless P=I,,.

3 Logistic Gaussian fields

Corresponding to how Aitchison (1986) defines logistic normal distributions
from multi-normal distributions, we here define logistic Gaussian fields from a
multivariate Gaussian process.

Definition 1:

Let y(u) = (30, (W), ..., v;(w)T; ue #* be a multivariate Gaussian process with mean
function p(u) = E[y(w)] = (u, (), . .., ;)T and covariance structure given by
c(usu’) = Cov[y(w),y()] = (c;j(u, u'))¢;—,. Furthermore, for each ue #*, let z(u)
and x(u) be defined from y(u) by equations (4) and (2), respectively. We then call
x () = (e, (w)s . . . xp(w))T; ue R, or equivalently z(u) = (z,(), . .., 2,)T5 ue R,
a logistic Gaussian field with parameter functions u( ) and ¢( -, ).

In the definition of logistic Gaussian fields, the last proportion, x,(u«), is obviously
treated differently from the other components. However, it should be noted that
a fully symmetric definition gives the same model class. More precisely, let
{o(w) = (0,(w), . .., vp(u))T; ue #*} be a multivariate Gaussian process with mean
function u,(u) € #° and correlation structure c,(u, #') € 2° >, and set x(u) = e**/
(jpe*™) for each ue#*. Then x(u) is a logistic Gaussian field with parameter
functions u(u) = B} io(x) and c(u,u') = B] co(u, ') B,. This result is immediate by
transforming x(u) via z(u) to the corresponding y(u) by equations (2) and (4) and
noting that this gives y(u) = Byv(u).

A logistic Gaussian field may be interpreted as a prior distribution in a Bayesian
framework. In some situations it is then natural to restrict attention to fields
where the different proportions are a priori exchangeable, i.e. to require {x(u);
ue Ry £ {Px(u);uc #*) for any permutation matrix P. This is fulfilled if and only
if u(u) =0 for all ue #* and c(u,u’) has the form c(u,u') = c*o(u, u') H,/2, where
0®> 0 is the variance of the Gaussian fields, «( -, ) is a scalar spatial correlation
function and H, is as specified in equation (6). It should be noted that this
¢(,-) falls within the class of intrinsic correlations structures (see, for example,
Wackernagel, 1995, Ch. 22), which is reasonable in some applications and which
has important computational advantages.

Unconditional simulation of logistic Gaussian fields in a set of grid locations is
straightforward from its definition; first simulate the multivariate Gaussian process
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y(u) in the given array and then use logistic transformation (4) for each grid
location. To simulate a Gaussian process many different methods exist, see Cressie
(1993) for an overview. Simulation of the Gaussian process becomes especially
simple with an intrinsic covariance structure.

4 Conditional logistic Gaussian fields

Properties of logistic Gaussian fields conditioned to data depend on the type of
observations available. In the following, we first discuss complete and subcomposi-
tional data and thereafter observations of individual proportions.

4.1 Complete and subcompositional observations

Let x(u) be a logistic Gaussian field with parameter functions u(-) and ¢(-, ).
Assume that complete or subcompositional observations are available in z locations,
Uy, ... u, Thus, to each u; there is an associated selection matrix S;e #°*? and a
corresponding observation vector xs (). Complete observations in location u;
correspond to setting S; equal to the identity matrix (or any other permutation
matrix).

From the definition and properties discussed in the previous sections it follows
directly that x(u) |xs, (u1),...,%s,(u,) is also logistic Gaussian; The one-to-one
relation between xg(u;) and ys(u;) gives that conditioning to the vectors
x5, (U1)5 ... xs,(u,) is equivalent to conditioning on ys, (#,), . .., Vs, (#,). The linear
relation in equation (6) gives that y(w)|ys (41),...,¥s,(u,) is a multivariate
Gaussian process and, thereby, by definition of logistic Gaussian fields, that
x(u) | xs, (Uy)s . . . x5, (u,) is also a logistic Gaussian field. The parameter functions
of the conditional field are also readily available as the mean and covariance
functions of the corresponding Gaussian y-process. Conditional simulation of x (u)
in a set of grid locations is thereby also straightforward; first simulate the Gaussian
distributed y(u) conditioned to ys, (#,),...,¥s,(1,) and then use the logistic trans-
formation in equation (4) for each grid location. A conditional realisation of y(u)
is most efficiently obtained from an unconditional sample via a kriging procedure,
see for example Cressie (1993, Ch. 3.6.2).

4.2 Observation of individual proportions

Again, let x(u) be a logistic Gaussian field with parameter functions u(-) and
¢(*,"), but now assume that observations of individual proportions are available
in the z locations, u;,...,u, Thus, to each u; there is again associated a selection
matrix, S;e %P, but now the observed values are the vectors S;x(u,), . .., S,x(u,).
In this situation there is no easy transformation of the data to corresponding values
for y(u) and the resulting conditional distribution for x(u) is neither logistic
Gaussian nor analytically tractable. Thus, properties of the conditional field must
be obtained by generating conditional realizations of x(x) by Markov chain Monte
Carlo (MCMUC ) procedures. It should be noted that it is sufficient to use MCMC
to generate samples of x(u;),...,x(u,)|Six(uy),...,S,x(w,). If samples of the
logistic field x(u) for locations u ¢ {u,,...,u,} are of interest, these can thereafter
be generated directly by conditioning to simulated values for x(u,),...,x(u,) by
the procedure discussed in Section 4.1.

As some components of x(u;),...,x(u,) are identical to the elements of
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Six(uy)s .. .5 S,x(u,), sampling x(u,),...,xw,) | Six(w,),...,S,x(u,) actually means
generating samples of the elements in x(u,),...,x(u,) that are not specified by
Six(44y)y...5S,x(u,). Therefore, let T; be a selection matrix that picks out the non-
observed elements of x(u;), so that
S.
R=|" 7
] &

is a permutation matrix, from which one can obtain x(u;) from S;x(u;) and

T:x(u,) via
_ pT Six(u;)
x(u;) =P, [Ex (ui)} ®

Moreover, from the unit sum constraint in each location, it follows that the last
component in T;x(u,) is given by the first D — C;— 1 elements of T;x(u,) together
with S;x(u;). Thus, the variables to be simulated are 2, =4, Tix(4),...,
z,=A4, T,x(u,), where b= D — C;— 1. The conditional density of interest is

JGise o 8 Six(u) = %15 .., S,x(w,) = %,) o f(215. .5 2,) )

where

KN

z,-z(zil,...,z,-d)T:AdP,-T<Bd|:i:|+cd> for i=1,...,n (10)

1

e

and f(z,,...,2,) denotes the unconditional distribution of z(u,),...,2(u,). Using
the transformation formula, an expression for f(z;,..., z,) is readily available from
the corresponding joint Gaussian distribution for y(u,),...,yu,).

Direct simulation from equation (9) is not feasible and one has to resort to
MCMUC and the Metropolis—Hastings algorithm. For a general introduction to
this topic, see Besag er al. (1995) and references therein. Our target density
fCGis.. . 2,|Six(u) =%15...,8,x(u,) =%,) typically has strong correlations
between variables. To avoid a very slow mixing Markov chain, one therefore ought
to propose changes in all variables simultaneously. The Gaussian base of the model
suggests construction of an independent proposal (Tierney, 1994) algorithm. To
see how to do this, first observe that to propose new values for %,,...,%, is
equivalent to proposing values for zr (u,),...,2z,(u,) or for vy (u,),...,vr,(,),
where the one-to-one relations between the first two are

Si

e

1D

= —fgifi)ZT,»(ui> had ZTi(ui) = T ~
1 —jo%
As an approximation to sampling yg, (&), ...,Yr,(1,) conditioned to the observed
individual proportions, one can then sample the y;(%;)s conditioned to the corre-
sponding subcompositions ys, (#,); . . . » ¥s, (#,). One then remains within Gaussian-
ity and this can be used as a proposal distribution in a Metropolis—Hastings
algorithm. Thus, to generate potential new values 2i,...,2, one first samples
yr ) 5. yr, () from the Gaussian distribution  f(yg (4y),. ..,
yr,(w,) |ys, (u1)s ..., ¥s,(u,)) and thereafter one computes corresponding trans-
formed values z7 (4;)" and 2;;i=1,...,n by equations (4) and (11). For math-
ematical details, see Tjelmeland & Lund (2001).
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The main motivation for the above independent-proposal Metropolis—Hastings
algorithm is to approximate f(yg(1)s...,y7,W,)|Six(uy),...,S,x(w,)) with
fn )s .5y, () | x5, ()5 - .5 x5,(w,)). It is clear that this approximation
deteriorates as n increases, with lower acceptance probabilities and slower conver-
gence as results. For z large, a better strategy is therefore to generate potential new
values as a linear combination of the current state vector and the values used
above. Mathematical details can again be found in Tjelmeland & Lund (2001).

5 A fully Bayesian model

In the previous sections, we have assumed the parameter functions of the logistic
Gaussian field to be known. In practice, this will of course typically not be the
situation. Instead, these functions have to estimated from data, or a Bayesian
formulation can be adopted. Here, we concentrate on the latter approach. No prior
distributions for the parameter functions seem to exist that allow full analytical
treatment of the resulting posterior. Thus, we have to resort to MCMUC to explore
the posterior. In the following, our focus is on how to choose prior distributions
that are both flexible and give a posterior that allows effective updating of large
blocks of parameters.

5.1 Prior distribution

For the mean function, u(u), we follow the Bayesian kriging (Omre, 1987; Hjort
& Omre, 1994) framework and assume the following regression form,

1) = Fu) (12)

where fe#” is a vector of unknown parameters and F(u)e #%*? is a matrix of
known regressor functions. Via the choice of F(u) one may, for example, model
linear trends and include the effect of explanatory variables, see also the discussion
in Billheimer & Guttorp (1995). Still following the choice in Bayesian kriging, we
assume a Gaussian prior distribution for the vector f3,

B ~N, (o5 Zo) (13)

where u, and X, are parameters to be specified.
To obtain a flexible parametric form for the covariance function, c(u,u'), we
assume an intrinsic structure with a parametric form for the spatial term, i.e.

Copp (usut') = ot (usu’) ¥ (14)

Different choices for the spatial correlation function exist—the generalized expo-
nential and the Matern correlation functions are two possibilities (Cressie, 1993).
However, as computational considerations do not favour any specific choice, we
do no closer specification at this stage. To obtain a fully specified Bayesian model,
it remains to specify priors for 0 and W. The natural candidate for W is to let ¥ !
have a Wishart distribution, ¥ ! ~ #,,(g, Q), where the scalar ¢ > d and the positive
definite d x d matrix Q are hyper-parameters to be specified. This is the conjugate
prior distribution in the Gaussian case and, as our model also has a Gaussian base,
facilitates construction of an MCMC algorithm for the posterior distribution. For
0 we assume some prior 7(0).
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5.3 Simulation algorithms

In this section we discuss how to sample from the posterior distribution correspond-
ing to the prior defined above. As in Section 4, we assume the data to be exact
and discuss conditioning on complete observations, subcompositional observations
and observation of individual proportions. Unlike the situation in Section 4, all
three cases must be treated differently and in the following we consider each
situation in turn.

Complete observations Let x(u)|f,V¥,0 be a logistic Gaussian field and let the
parameters f3, ¥ and 0 have prior distributions as specified above. Assume complete
observations in # locations; x(u;),...,x(u,). As discussed in Section 4.1, condi-
tioning on x(u;),...,x(u,) is equivalent to conditioning on the corresponding
y(uy),...,vw,). Thus, defining y= [y(u;)"... y(u,)"]% the posterior distribution
of interest can be expressed as

(s W5 01x(u)s - . .5 x(w,)) = (B, ¥, 0y) oc n(0) e () n(B)f (| B, ¥, 0)  (15)

where f(y|f,¥,0) is a multi-normal density. To construct an MCMUC algorithm
it is natural to update the three 5, ¥ and 0 separately.

To update f it is natural to consider the corresponding full conditional,
n(f|¥,0,y). The situation is identical to Bayesian kriging, see Hjort & Omre
(1994, Ch. 3.1.3), and the conditional distribution is easily seen to be multi-
normal. Thus, it is natural to use a Gibbs step (Smith & Roberts, 1993) for 5. To
update P, it is again most natural to use a Gibbs step as the conditional distribution
of ¥~! given B, 0,y is again a Wishart distribution. As for the updating of B, the
proposal of ¥ is also similar to the pure Gaussian case with conditioning on y.
Unlike the situation for f# and ¥, there is no most natural proposal distribution for
0 and, specifically, a Gibbs step is not computationally viable. However, 0 is
typically low dimensional and to propose a small change and accept with the
standard Metropolis—Hastings acceptance probability should therefore give satisfac-
tory convergence.

Subcompositional observations Let the x(u), f, ¥ and 0 be as in the previous
section, but consider now the situation where the available observations are the
subcompositions xs, (#,), . .., Xs, (u,). Correspondingly to the situation in the previ-
ous section, conditioning to the observed subcompositions is equivalent to condi-
tioning to ys, (), .. ., ¥s,(#,). Thus, introducing ys = [ys, ()", . ..,¥s,@,) "1 the
posterior of interest can be expressed as

(B W5 0 x5, (u1)s - . .5 x5, () = n(fs ¥ 0] y5) oc n(0) e (V) n(B)f(ws| > ¥ 0) (16)

However, simulating from this distribution by a Metropolis—Hasting algorithm
similar to the one discussed in the previous section is not viable as the full
conditional ¥ !|f, 0,ys is not a Wishart or any other tractable distribution. To
avoid this complication it is preferable to include y as a latent variable, i.e. to
sample from n(f, ¥, 0,y |xs, (u1) ..., xs,(1,)) = n(p, ¥, 0,v|ys) and update the four
groups f, ¥, 0 and y separately. To update f§, ¥ and 0, the procedures discussed
in the previous section are still natural choices, whereas for y a Gibbs step is
applicable via the procedure defined in Section 4.1.

Observation of individual proportions Let x(u), f, ¥ and 0 be as in the two previous
sections, but consider now the situation where individual proportions as observed
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in some locations. More precisely, let the observed values be S;x(u,),...,S,x,),
where S,,...,S, are selection matrices. The posterior distribution of interest is

(s W50 Six(u1)s .. .5 Sx(w,)) oc n(B) (V) n(O)f(Six (wr)s - . .5 Sx(w,)) - (17)

Similar to the situation for subcompositional observations, there exist no natural
Metropolis—Hastings algorithms for this density. Here, neither |V, 0, S;x (), . . .,
S,x(u,) nor ¥|p,0, Six(u,),...,S,x(u,) are tractable distributions. Again this
complication disappears by introducing y as a latent variable. Thus, one should
sample from n(f, ¥, 0,y|Sx(u;),...,S,x(,)). To update , ¥ and 0, the proce-
dures discussed above still apply and to update y, the Metropolis—Hastings step
discussed in Section 4.2 is the most natural choice.

6 Example: sediments in an Arctic lake

In this section, we revisit a data set of sediments in Stanwell-Fletcher lake in the
Canadian Arctic Archipelago (Coakley & Rust, 1968). The data set was previously
discussed in Aitchison (1986) and Iyengar & Dey (1996), but without taking the
spatial aspect of the problem into account. Our goal is to analyse the spatial
structure of the data and for this we use the fully Bayesian model defined in Section
5. We start with a brief introduction to the data set.

The data consist of observations in # =39 locations in Stanwell-Fletcher lake
(see Fig. 1), in each of which the water depth and the compositions of sand, silt
and clay in the upper part of the bottom sediments have been measured. The
proportions of sand, silt and clay show a clear trend with depth, see Fig. 2.

To analyse the data, we adopt the fully Bayesian model discussed in Section 5.
We let x(u) = (x;(w),x,(u),x5(1r)) where x,(u), x,(u) and x;(u) are proportions of
sand, silt and clay, respectively, at location u. We let the mean function be given
by equation (12) and use water depth as covariate in F(u). More precisely, we set

ﬂ = (ﬁl) ﬂz; ﬁs; ﬁ4)T and

1 0 In(dw) 0 } (18

HWZB 1 0 In(dw)

o | . . .
© - . . . °
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F1G. 1. Locations with depth and sediment observations in the Stanwell-Fletcher lake. Distances are
in kilometres.
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F1G. 2. Proportions of sand, silt and clay as function of depth, proportions along the horizontal axis
and negative depth along vertical axis.

where d(u#) denotes water depth at location u. Thus, each element in the two-
dimensional y(z) has an expectation consisting of a constant term and a term
proportional to In(d(u)). As ay(u,u’), we take a generalized exponential correlation
function and include a nugget effect. Moreover, we also include the possibility of
no spatial correlation. Thus, with 0 = (R, v, ¢, 1),

1 if u=u
N i [l — Iy . , o
og(uyu’) =< (1 — &) exp< — 3R if u#uandy=1 (19)
0 if u#v andy=0

where ||| denotes Euclidean distance and R> 0, ve [0, 2], ¢€[0,1] and ye {0,1}
are spatial correlation length, form parameter for correlation function, nugget effect
and indicator for spatial correlation, respectively. It should be noted that, with the
inclusion of y, the situation can be interpreted as a model choice problem with two
competing models, one with and one without spatial correlation present, see also
the discussions in Gelfand & Dey (1994) and Carlin & Chib (1995).

We assign diffuse, but proper, prior distributions to the parameters 5, ¥ and 6.
More precisely, we let f be Gaussian with vanishing expectation and diagonal
covariance matrix with all variances equal to 100%. The ¥ ! is assigned a Wishart
distribution with ¢ =4 and Q = L,/(p — 3), so that E[¥ '] = I,. The elements of 0
are assumed a priori independent, R is assigned an exponential distribution with
expectation 15, v and ¢ are assigned uniform distributions on the intervals [0,2]
and [0,1], respectively, and P(y =0) =P(y=1) =1/2.

To sample the posterior distribution we use the MCMC algorithm discussed in
Section 5.2. After some experimentation with the algorithm we found the elements
in 0 to have the longest autocorrelation range and this motivated us to update 0
five times for each update of ff and W. The total of one update for each of f§ and
Y and five updates for 0 we call one iteration. To update f and ¥ we use Gibbs
steps as discussed in Section 5.2. A satisfactory updating scheme for 6 is found by
trial and error; with probability 0.25 we propose changing the value of y to its
opposite value and keeping R, v and ¢ unchanged, and with the remaining
probability we keep y unchanged and draw potential new values for R, v and ¢
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F1G. 3. Trace plot (500 iterations) and estimated autocorrelation function for element (1,1) in W. The
basis for the auto-correlation estimation is a 5000 iteration run, of which a 20 iteration ‘burn-in’ period
is discarded.

from their respective prior distributions. We do not claim this algorithm to be
optimal in any sense, but we found it to work satisfactory for this data set.

The MCMC procedure seems to reach convergence quickly and to have good
mixing properties. Of the simulated variables, element (1,1) of ¥ has the longest
auto-correlation range, see Fig. 3. We estimate the posterior probability for the
presence of spatial correlation by the fraction of iterations where y =1. We get
P(y = 1|data) = 0.73, which corresponds to a Bayes factor (Gelfand & Dey, 1994)
of 0.73/0.27 =2.7. Thus, the data favour the model with spatial correlation. In
Fig. 4, the estimated posterior densities for each of the 11 parameters, when
conditioned to y =1, are presented. One observes that the correlation length, R,
with high probability, is quite large, but there is also a significant nugget effect
present. Instead of considering the parameters R, v and ¢ individually, it is more
informative to study the corresponding induced correlations at different lags. The
last two sub-plots in Fig. 4 therefore give the posterior densities for the spatial
correlations at lags 1.6 km (which is the minimum distance between observations)
and 3.2 km. One can observe that the spatial correlations at lag 3.2 km is, with
high probability, rather small.

In Fig. 4 one can observe that all four elements of f are significantly different
from zero. To evaluate our choice of the transformation In (d(«)) in the definition
of F(u), we also run a simulation where ff = (f;,...,fs) and

(1 0 m@Ew 0 dw 0
F (“)_[o 1 0 In(dw) 0 d(u):| (20)

This gave posterior distributions for 5 and f, approximately centred at the origin,
whereas the densities of 8, to f§, were essentially equal to the ones in Fig. 4. Thus,
this gives clear support for our choice of using a logarithmic transformation for the
depth.

7 Closing Remarks

The paper defines a spatial model for compositional data and evaluates the model
within a Bayesian setting. Different forms of observations are considered. Complete
observations in a number of locations is the simplest variant to handle, but we also
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F1G. 4. Marginal posterior densities for each of the 11 parameters present in the model (conditioned

on y =1) and corresponding induced posterior densities for spatial correlation at distances 1.6 (which

is the minimum distance between two locations with observations) and 3.2. The densities presented are

produced via kernal density estimation from the output of a 5000 iteration Metropolis—Hastings run,
of which a 20 iteration ‘burn-in’ period is discarded.

define efficient MCMUC algorithms to handle situations where subcompositions or
individual proportions are available. In addition to the data considered in Section
6, we have used the different algorithms discussed in this paper with several
simulated data sets and obtained good convergence rates.

In Section 5.1, we assumed an intrinsic covariance structure for the underlying
Gaussian process. The motivations for this are twofold. First, it allows a parsimoni-
ous parameterization of the covariance function. A more general form for the
covariance structure would typically include more parameters and is therefore a
viable alternative only if enough data are present or if sufficient prior information
is available. The second, and perhaps most important, motivation for the intrinsic
structure is computational efficiency. For the Metropolis—Hastings algorithms
discussed in Section 5, a general covariance structure would, in each iteration,
require matrix operations on nd X nd matrices, whereas, with an intrinsic structure,
operations on 7z X n matrices are sufficient. At least with » = 39, as in our example,
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the necessary inversion and decomposition of # X # matrices is computationally
unproblematic. However, even an # X » matrix can cause problems when the
number of observations, 7, is large. This is, of course, a general problem for
Gaussian-based models and a full discussion of this topic is beyond the scope of
this paper. However, a possible solution can be found in the use of Gaussian
Markov random fields. The spatial covariance structure is then specified via a
sparse inverse covariance matrix and special algorithms for sparse matrices can be
used, see Rue (2001) and references therein. See also Rue & Tjelmeland (2002)
for a procedure for fitting the parameters of a Gaussian Markov random field to a
specified covariance function.
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Appendix
Proof of relation (6)

Let xe %%, y,ze R, xs€ A, ys,25€ A5 where d=D—1 and ¢c=C—1 and let
Se#°*P be a selection matrix. We will then show that the following sequence of
transformations from y to ys,

e’ Sx Zs
z2=———,x=Byz+cpxs=——,25=A x5, Vs =In| —— 21
1 _H.;ey d d> Xs ]ESx S $5Ys |:1 —];rzs:| 21
gives the linear relation
vs=Qgsy where Qg=B SB,H;' (22)

The relations in equation (21) are one-to-one except the middle one and the
corresponding four inverse transformations read

z e’s
y=1n|:1 _deZ:|,z=Adx, xs=B.z,+c, ZS:W (23)

We first observe
1—jiz=1—jTA;x=xp and In(4;x) =A,ln(x) (24)

the last because each row of A4, has all zero elements except one which is equal to
unity. Thus, combining the two first relations in equation (23) gives

y=In [Adq = In (4x) — jln (xp) = AsIn(x) —jaln(xp) = B;In(x) (25)

Xp

Likewise, from the two last relations in equation (21), one gets
vs=B/In(xs) (26)

from which, by inserting the definition of xg, it follows

ys=Blln |:]f§xi| = Bl (In(Sx) —jcIn (jESx)) = Bf SIn (x) @7

C

by using the relations In(Sx) = Sln(x) and BYj, = 0.
Multiplying with B,H;"' from the left on each side of equation (25) and using
the matrix identity B,H; ' B} = I, — (1/D) ¥, gives
1
B,H;'y=B,H 'Blln(x) =In(x) — Bj‘dln x) (28)
so that

In (x) =BdH;1y+%5‘D1n @) 29)

Thus, inserting this last expression in equation (27) one gets
1
Vs = BZFS<B}HdIy + Bj’oln (x)> =B!SB;H;'y (30)

because BI (S¥,) = Bf ¥, = 0. Thus, equation (22) is established.



